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Abstract
We study functionals on the space of almost complex structures
on a compactC-manifold, whose variational properties could be used
to tackle Yau’s Challenge.
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Introduction
This is supposed to be a step in the direction of understanding Yau’s Chal-
lenge, which is to determine if there are compact almost complex man-
ifolds of dimension at least 3 that cannot be given an integrable almost
complex structure [3], through the calculus of variations. S-T. Yau pro-
posed devising a parabolic flow on the space of almost complex structures
to study this question [2].
Let X be a real 2n-dimensional compact manifold, and AC(X) = {J ∈
C∞(X,EndC(TX)) | J
2 = −Id} be the space of almost complex structures on
X. This is an almost complex Fre´chet manifold, and for any J ∈ AC(X),
TAc(X),J = {h ∈ C
∞(X,End
C
(TX )) | J ◦ h + h ◦ J = 0}, which can be seen from
the identity 0 = dJ2 = dJ ◦ J + J ◦ dJ. An almost complex structure J :
AC(X) → End(TAC(X)) is given as J (J)(u) = J ◦ u, for any J ∈ AC(X) and
1
u ∈ TAC(X),J . Let g be a fixed Riemannian metric on X, and note that for
any J ∈ AC(X), we get an almost hermitian metric gJ :=
1
2
(
g(·, ·) + g(J ·, J ·)
)
.
We are looking for an energy functional F on AC(X) whose associated
gradient flow is a parabolic PDE. Ideally, the critical points of F should
be the integrable almost complex structures on X, and the Euler-Lagrange
equation of F should be elliptic so that the complex structures on X are
energy minimizers. We would then expect any solution of the flow equa-
tion of F to converge to a genuine complex structure on X. In some special
cases, such as when AC(X) is connected (e.g. AC(S6)), the non-existence
of a flow solution might translate to the non-existence of complex struc-
tures. A more thorough development of these ideas will be the subject of
future research. Here we only derive the Euler-Lagrange equations of the
functionals N ,N˜ : AC(X)→ R≥0,
N (J) :=
∫
X
‖NJ ‖
2
gJ
volg , and N˜ (J) :=
∫
X
‖NJ ‖
2
gJ
volgJ ,
where volg is the Riemannian volume form, and volgJ is the volume form
of ω := i2(gJ − gJ ). Note that both N , and N˜ are identically zero on the
integrable structures. A very similar, real version ofN appears in [1].
We can think of first variations in terms of linear approximations. Let
Herm
(
Λ
2T 0,1
∗
X ⊗ T
1,0
X
)
denote the space of hermitian metrics on Λ2T 0,1
∗
X ⊗
T 1,0X . Let
f : AC(X)→ C∞
(
X,Λ2T 0,1
∗
X ⊗ T
1,0
X
)
×Herm
(
Λ
2T 0,1
∗
X ⊗ T
1,0
X
)
be the function f (I ) = (N,h) = (N (I ),h(I )) = (NI ,gI−1∧ gI−1 ⊗ gI), and
φ : C∞
(
X,Λ2T 0,1
∗
X ⊗ T
1,0
X
)
×Herm
(
Λ
2T 0,1
∗
X ⊗ T
1,0
X
)
→ C∞(X,R≥0)
be the function φ(N,h) = h−1 ∧ h−1 ⊗ h(N,N ), and define ψ := φ ◦ f , where
ψ(I ) = gI−1∧ gI−1 ⊗ gI(NI ,NI ) =: ‖NI‖
2
gI
. And now, let
F : AC(X)→ C∞
(
X,Λ2T 0,1
∗
X ⊗ T
1,0
X
)
×Herm
(
Λ
2T 0,1
∗
X ⊗ T
1,0
X
)
×Ωn,n(X),
F(I ) = (N (I ),h(I ),vol(I )) = (NI ,gI−1∧ gI−1 ⊗ gI ,volgI ), and
Φ : C∞
(
X,Λ2T 0,1
∗
X ⊗ T
1,0
X
)
×Herm
(
Λ
2T 0,1
∗
X ⊗ T
1,0
X
)
×Ωn,n(X)→ C∞(X,R≥0),
2
Φ(N,h,vol) = h−1∧ h−1 ⊗ h(N,N )volh, and defineΨ :=Φ ◦ F so that Ψ(I ) =
gI−1 ∧ gI−1 ⊗ gI (NI ,NI )volgI =: ‖NI‖
2
gI
volgI . Let γ =
1
2
(
g(u·, J ·) + g(J ·,u·)
)
. Let
J ∈ AC(X), and δJ be a small perturbation of J ; i.e. if u is a nearby structure
in AC(X), then δJ = (J + u) − J . Let δN = N (J + δJ) −N (J) = NJ+u −NJ =
dJNJ (u) + O(u
2), δh = h(J + δJ) − h(J) = gJ+u − gJ = dJgJ (u) + O(u
2) = γ +
O(u2), and dvol = vol(J+δJ)−vol(J) = volgJ+u −volgJ = dJ (volgJ )(u)+O(u
2) =
dJ (volgJ )(u). Then,
dJ (‖NJ‖
2
gJ
)(u) ≈ [φ(N + δN,h+ δh)−φ(N,h+ δh)] + [φ(N,h+ δh)−φ(N,h)]
≈ dNφ(N,h+ δh) · δN + dhφ(N,h) · δh
= dNJ (‖NJ‖
2
gJ+u
) · dJNJ (u) + dgJ (‖NJ‖
2
gJ
) ·γ,
and
dJ (‖NJ‖
2
gJ
volgJ )(u) ≈ [Φ(N + δN,h+ δh,vol + δvol)−φ(N,h+ δh,vol + δvol)]+
[Φ(N,h+ δh,vol + δvol)−Φ(N,h,vol + δvol)]+
[Φ(N,h,vol + δvol)−Φ(N,h,vol)]
≈ dNΦ(N,h+ δh,vol + δvol) · δN + dhΦ(N,h,vol + δvol) · δh+
dvolΦ(N,h,vol) · δvol
= dNJ (‖NJ‖
2
gJ+u
volgJ+u ) · dJNJ (u) + dgJ (‖NJ‖
2
gJ
volgJ+u ) ·γ+
dvol(‖NJ‖
2
gJ
volgJ ) · dJ (volgJ )(u).
The Nijenhuis tensor NJ is gJ -orthogonal to dNJ (u)
2,0 and dNJ (u)
1,1.
This is a consequence of the gJ -orthogonality of the holomorphic, and an-
tiholomorphic tangent bundles of X. From now on, all O(u2)-terms will be
omitted throughout with only a few exceptions in the last section. Then, we
find that
dN (‖NJ‖
2
gJ+u
) · dJNJ (u) =
〈
dJNJ (u),NJ
〉
gJ+u
+
〈
dJNJ (u),NJ
〉
gJ+u
= 2ℜ
[
〈dN0,2J (u),NJ 〉gJ+u
]
.
Proposition 1. The first variation of N is
dJN (J)(u) =
∫
X
{
2ℜ
[
〈dN0,2J (u),NJ 〉gJ+u
]
+ dgJ (‖NJ ‖
2
gJ
) ·γ
}
volg ,
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and that of N˜ is
dJN˜ (J)(u) =
∫
X
2ℜ
[
〈dN0,2J (u),NJ 〉gJ+u
]
volgJ+u +
∫
X
dgJ (‖NJ ‖
2
gJ+u
volgJ+u ) ·γ+∫
X
dvol(‖NJ‖
2
gJ
volgJ ) · dJ (volgJ )(u).
In order to retrieve the Euler-Lagrange equations of interest, we need
to integrate 2ℜ
[
〈dN0,2J (u),NJ 〉gJ+u
]
by parts. We do this in the coordinates
defined below.
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Coordinates
We try to develop intrinsic complex coordinates on the almost hermitian
manifold (X,J,gJ ), centered at a given point p ∈ X, that are the next best
alternative to both holomorphic coordinates, which exist only when J is
integrable, and geodesic coordinates at p, which exits iff the fundamental
form ω of gJ is Ka¨hler.
Recall that if (zk)1≤k≤n are holomorphic coordinates on U ⊂ X, then
∂¯Jzk = 0 on some neighborhood Ux ⊂ X of every x ∈ U. We do not have
that in the almost complex case. However, we can design complex coor-
dinates, which will be denoted here by wk , for which ∂¯Jwk is as close as
possible to being zero on each Ux. First note that we can always find com-
plex coordinates zk ∈ C
∞(Up,C), centered at p, such that ∂¯Jzk(p) = 0. Then,(
dzk(p)
)
1≤k≤n
=
(
∂Jzk(p)
)
1≤k≤n
is a basis of (T 1,0X,p)
∗, and so
(
dzk(p)
)
1≤k≤n
=(
∂Jzk(p)
)
1≤k≤n
is a basis of (T 0,1X,p)
∗. Hence, we get a local frame
(
∂Jzk
)
1≤k≤n
of (T 0,1X,p)
∗, and so
∂¯Jzk =
∑
1≤l≤n
fkl(z)∂Jzl ,
where fkl ∈ C
∞(Up,C), and fkl(p) = 0. Note that if zk were holomorphic, all
of the coefficient functions fkl would be identically zero. Here, for every
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1 ≤ l ≤ n, each of these functions has a Taylor expansion
fkl(z) =
∑
|α|+|β |≤N
cklαβz
α z¯β +O(|z|N+1).
Given that we will only differentiate once, we may instead work with
the truncation
fkl(z) =
∑
1≤j≤n
(ajklzj + a
′
jkl z¯j ) +O(|z|
2).
Again, if the zk were holomorphic, we would in particular have that ajkl =
a′jkl = 0, for all 1 ≤ j,k, l ≤ n.We wish to emulate this situation (ajkl = a
′
jkl =
0) in the almost complex case. Concretely, we are looking for new coordi-
nates that anihilate as many of the coefficients ajkl , and a
′
jkl as possible. To
that end, let
wk = zk +
∑
1≤r,s≤n
(αkrszrzs + βkrszr z¯s +γkrsz¯r z¯s) +O(|z|
3).
We still have that wk(p) = 0, ∂¯Jwk(p) = 0, and dwk(p) = dzk(p), and we still
get a local frame
(
∂Jwk
)
1≤k≤n
of (T 0,1X |Up )
∗ so that
∂¯Jwk =
∑
1≤j,l≤n
(bjklwj + b
′
jklw¯j +O(|w|
2))∂Jwl .
Wewill see that the holomorphic condition prescribes βklm, and γklm,while
the geodesic condition can be used to solve for αklm. The point is that we
are reducing the problem of finding optimal complex coordinates on an
almost hermitian manifold to finding αkrs,βkrs,γkrs that anihilate the max-
imum number of coefficients of the Taylor expansions of fkl , and ωλµ¯.We
call wk = zk +
∑
1≤r,s≤n(αkrszrzs + βkrszr z¯s +γkrsz¯r z¯s) +O(|z|
3), 1 ≤ k ≤ n, with
αkrs,βkrs,γkrs subject to these constraints almost holomorphic geodesic coor-
dinates on X at p.
Lemma 1. Any complex coordinates zk ∈ C
∞(Up,C), 1 ≤ k ≤ n, on an almost
hermitian manifold (X,J,gJ ) that are centered at p, and for which ∂¯Jzk(p) = 0,
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and
(
∂
∂zk
(p)
)
1≤k≤n
is an orthonormal basis of T 1,0X,p, determine almost holomor-
phic geodesic coordinates at p. Specifically, if the Taylor expansion of ∂¯Jzk on
Up is
∂¯Jzk =
∑
1≤j,l≤n
(
akjlzj + a
′
kjl z¯j +O(|z|
2)
)
∂Jzl ,
and if
ωml¯ = δml +
n∑
s=1
(τml¯szs + τ
′
ml¯s¯
z¯s) +O(|z|
2),
then
wk = zk −
∑
1≤m,l≤n
[1
4
(alkm + amkl + τlk¯m + τmk¯l)zlzm + aklmzl z¯m +
1
4
(a′klm + a
′
kml )z¯l z¯m
]
+
O(|z|3).
Proof. Since zm∂¯Jzl = O(|z|
2), z¯m∂¯Jzl = O(|z|
2), and ∂¯J z¯l = ∂Jzl , and since
γklm is (l,m)-symmetric,
∂¯Jwk = ∂¯Jzk +
∑
1≤l,m≤n
∂¯J
(
αklmzlzm + βklmzl z¯m +γklmz¯l z¯m) +O(|z|
3)
)
= ∂¯Jzk +
∑
1≤l,m≤n
(
βklmzl∂Jzm + (γklm +γkml)z¯l∂Jzm
)
+O(|z|2)
=
∑
1≤l,m≤n
(
aklmzl + a
′
klmz¯l
)
∂Jzm +
∑
1≤l,m≤n
(
βklmzl∂Jzm +2γklmz¯l∂Jzm
)
+O(|z|2)
=
∑
1≤l,m≤n
[
(aklm + βklm)zl +
(
a′klm +2γklm
)
z¯l
]
∂Jzm +O(|z|
2).
Based on this calculation, αklm is free to be any complex number, while
βklm = −aklm. And we may take, at best, the symmetric part of a
′
klm +2γklm
to be zero, which is achieved by setting γklm = −
1
4 (a
′
klm + a
′
kml). So far, we
gathet that
wk = zk +
∑
1≤m,l≤n
[
αklmzlzm − aklmzl z¯m −
1
4
(a′klm + a
′
kml )z¯l z¯m
]
+O(|z|3).
Next, we optimize αklm subject to the constraint of wk being geodesic co-
ordinates at p. Since αmlj is (l, j)-symmetric,
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∂Jwm = ∂Jzm +
n∑
l,j=1
(2αmljzj + βmlj z¯j )∂Jzl +O(|z|
2)
so that
∂Jwm = ∂Jzm +
n∑
l,j=1
(2αmlj z¯j + βmljzj )∂Jzl +O(|z|
2).
Then, since O(|w|2) =O(|z|2),
i
2
n∑
m,l=1
(
δml +O(|w|
2)
)
∂Jwm ∧∂Jwl =
i
2
n∑
m=1
∂Jwm ∧∂Jwm +O(|w|
2)
=
i
2
n∑
m=1
[
∂Jzm ∧∂Jzm+
n∑
l,j=1
(2αmlj z¯j + βmljzj )∂Jzm ∧∂Jzl+
n∑
l,j=1
(2αlmjzj + βlmj z¯j )∂Jzm ∧∂Jzl
]
+O(|z|2) +O(|w|2)
=
i
2
n∑
l,m=1
(
δml +
n∑
j=1
[
(βmlj +2αlmj )zj+
2αmlj + βlmj )z¯j
]
+O(|z|2)
)
∂Jzm ∧∂Jzl
=
i
2
n∑
l,m=1
(
δml +
n∑
j=1
(τml¯jzj + τ
′
ml¯j¯
z¯j ) +O(|z|
2)
)
∂Jzm ∧∂Jzl
=ω,
i.e. ω = i2
∑n
m,l=1
(
δml +O(|w|
2)
)
∂Jwm ∧ ∂Jwl , is a condition that can be at-
tained, at best, by setting the (m,j)-symmetric part of αlmj +
1
2 (βmlj − τml¯j )
equal to zero. Thus, we may take
αlmj = −
1
4
(βmlj + βjlm − τml¯j − τj l¯m)
=
1
4
(amlj + ajlm + τml¯j + τj l¯m),
7
and therefore
wk = zk +
∑
1≤m,l≤n
[1
4
(alkm + amkl + τlk¯m + τmk¯l )zlzm − aklmzl z¯m −
1
4
(a′klm + a
′
kml)z¯l z¯m
]
+
O(|z|3).
Euler-Lagrange equations
Let (wk)
n
k=1 be almost holomorphic geodesic coordinates at p.We now have
local coordinate frames
(
∂1,0
∂wk
)
1≤k≤n
of T 1,0X , and
(
∂0,1
∂w¯k
)
1≤k≤n
of T 0,1X with dual
coframes
(
dw1,0k
)
1≤k≤n
, and
(
dw¯0,1k
)
1≤k≤n
.We also have the local coordinate
expressions
(gJ )λµ¯ =
〈
∂1,0
∂wλ
,
∂0,1
∂w¯µ
〉
gJ
= δλµ +
n∑
m=1
(τλµ¯mwm + τ
′
λµ¯mw¯m) +O(|w|
2),
NJ =
n∑
i,j,k=1
N k
i¯j¯
dw¯0,1i ∧ dw¯
0,1
j ⊗
∂1,0
∂wk
,
and likewise
dN0,2J (u) =
n∑
i,j,k=1
(
dNJ (u)
)k
i¯ j¯
dw¯0,1i ∧ dw¯
0,1
j ⊗
∂1,0
∂wk
.
Here we write dV =
(
i
2
)n
dw1,01 ∧ dw¯
0,1
1 ∧ · · · ∧ dw
1,0
n ∧ dw¯
0,1
n , h := gJ+u =
gJ +γ +O(u
2), and
hij¯ = δij +
n∑
m=1
(τij¯mwm + τ
′
ij¯m
w¯m) +O(|w|
2) +γij¯ +O(u
2),
8
the components of h−1 then being
hij¯ := δij −
n∑
m=1
(τij¯mw¯m + τ
′
ij¯m
wm)−γij¯ +
n∑
c,v=1
(τic¯vw¯v + τ
′
ic¯vwv)γcj¯+
n∑
c,v=1
γic¯(τcj¯vw¯v + τ
′
cj¯v
wv) +O(|w|
2) +O(u2).
Lemma 2.
∂1,0hrs¯
∂wi
(p) = τrs¯i +O(u),
∂0,1hrs¯
∂w¯i
(p) = τ′rs¯i +O(u),
∂1,0hrs¯
∂wi
(p) = −τ′rs¯i +O(u), and
∂0,1hrs¯
∂w¯i
(p) = −τrs¯i +O(u).
Proof. These equalities are a consequence of γij¯ , and hence its derivatives
with respect to wm and w¯m, being of order O(u).
Lemma 3.
〈
dN0,2J (u),NJ
〉
gJ+u
= 2
(
hsm¯hjp¯hkq¯J
i
j¯
∂1,0uks¯
∂wi
+ him¯hjp¯hkq¯
(∂0,1us
j¯
∂w¯i
Jks +
∂0,1u s¯
j¯
∂w¯i
Jks¯
)
+
hsm¯hjp¯hkq¯
∂0,1uks¯
∂w¯i
J i¯
j¯
)
N
q
m¯p¯ − 2h
sm¯hjp¯hkq¯
(
uis¯
∂1,0Jk
j¯
∂wi
+u i¯s¯
∂0,1Jk
j¯
∂w¯i
)
N
q
m¯p¯+
2him¯hjp¯hkq¯
〈
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
,dw1,0k
〉
N
q
m¯p¯.
Proof. First, note that
dNJ (u)(ζ,η) = u[ζ,Jη] + J[ζ,uη] +u[Jζ,η] + J[uζ,η]− [uζ,Jη]− [Jζ,uη].
Since u = usrdw
1,0
r ⊗
∂1,0
∂ws
+ u s¯rdw
1,0
r ⊗
∂0,1
∂w¯s
+ usr¯dw¯
0,1
r ⊗
∂1,0
∂ws
+ u s¯r¯dw¯
0,1
r ⊗
∂0,1
∂w¯s
,
and J = Jvt dw
1,0
t ⊗
∂1,0
∂wv
+ u v¯t dw
1,0
t ⊗
∂0,1
∂w¯v
+ uvt¯ dw¯
0,1
t ⊗
∂1,0
∂wv
+ u v¯t¯ dw¯
0,1
t ⊗
∂0,1
∂w¯v
, it
follows that
J
[
∂0,1
∂w¯i
,u
∂0,1
∂w¯j
]
=
(∂0,1us
j¯
∂w¯i
Jvs +
∂0,1u s¯
j¯
∂w¯i
Jvs¯
)
∂1,0
∂wv
+
(∂0,1us
j¯
∂w¯i
J v¯s +
∂0,1u s¯
j¯
∂w¯i
J v¯s¯
)
∂0,1
∂w¯v
,
9
and
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
=
(∂0,1J s
j¯
∂w¯i
uvs +
∂0,1J s¯
j¯
∂w¯i
uvs¯
)
∂1,0
∂wv
+
(∂0,1J s
j¯
∂w¯i
u v¯s +
∂0,1J s¯
j¯
∂w¯i
u v¯s¯
)
∂0,1
∂w¯v
.
A similar computation shows that
[
J
∂0,1
∂w¯j
,u
∂0,1
∂w¯i
]
=
(
Jv
j¯
∂1,0us
i¯
∂wv
+ J v¯
j¯
∂0,1us
i¯
∂w¯v
− uv
i¯
∂1,0J s
j¯
∂wv
− u v¯
i¯
∂0,1J s
j¯
∂w¯v
)
∂1,0
∂ws
+
(
Jv
j¯
∂1,0u s¯
i¯
∂wv
+ Jv
j¯
∂0,1u s¯
i¯
∂w¯v
− uv
i¯
∂1,0J s¯
j¯
∂wv
− u v¯
i¯
∂0,1J s¯
j¯
∂w¯v
)
∂0,1
∂w¯s
.
Therefore,〈
J
[
∂0,1
∂w¯i
,u
∂0,1
∂w¯j
]
+
[
J
∂0,1
∂w¯j
,u
∂0,1
∂w¯i
]
,dw1,0k
〉
=
(∂0,1us
j¯
∂w¯i
Jks +
∂0,1u s¯
j¯
∂w¯i
Jks¯
)
+
(
J s
j¯
∂1,0uk
i¯
∂ws
+ J s¯
j¯
∂0,1uk
i¯
∂w¯s
− us
i¯
∂1,0Jk
j¯
∂ws
− u s¯
i¯
∂0,1Jk
j¯
∂w¯s
)
,
and so〈
dN0,2J (u),NJ
〉
gJ+u
= him¯hjp¯hkq¯
(
dNJ(u)
)k
i¯j¯
N
q
m¯p¯
= him¯hjp¯hkq¯
〈
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
+ J
[
∂0,1
∂w¯i
,u
∂0,1
∂w¯j
]
+u
[
J
∂0,1
∂w¯i
,
∂0,1
∂w¯j
]
+
J
[
u
∂0,1
∂w¯i
,
∂0,1
∂w¯j
]
−
[
u
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
−
[
J
∂0,1
∂w¯i
,u
∂0,1
∂w¯j
]
,dw1,0k
〉
N
q
m¯p¯
= 2him¯hjp¯hkq¯
〈
J
[
∂0,1
∂w¯i
,u
∂0,1
∂w¯j
]
+
[
J
∂0,1
∂w¯j
,u
∂0,1
∂w¯i
]
,dw1,0k
〉
N
q
m¯p¯+
2him¯hj¯phkq¯
〈
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
,dw1,0k
〉
N
q
m¯p¯
= 2
(
hsm¯hjp¯hkq¯J
i
j¯
∂1,0uks¯
∂wi
+ him¯hjp¯hkq¯
(∂0,1us
j¯
∂w¯i
Jks +
∂0,1u s¯
j¯
∂w¯i
Jks¯
)
+
hsm¯hjp¯hkq¯
∂0,1uks¯
∂w¯i
J i¯
j¯
)
N
q
m¯p¯ − 2h
sm¯hjp¯hkq¯
(
uis¯
∂1,0Jk
j¯
∂wi
+u i¯s¯
∂0,1Jk
j¯
∂w¯i
)
N
q
m¯p¯+
2him¯hjp¯hkq¯
〈
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
,dw1,0k
〉
N
q
m¯p¯.
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Lemma 4. At p, we have that
∂1,0
∂wi
[
hsm¯hjp¯hkq¯J
i
j¯
N
q
m¯p¯ det(h)
]
uks¯ =
(
− τ′sm¯iJ
i
j¯
N k
m¯j¯
− τ′jp¯iJ
i
j¯
N ks¯p¯ + τkq¯iJ
i
j¯
N
q
s¯j¯
+
∂1,0J i
j¯
∂wi
N k
s¯j¯
+ J i
j¯
∂1,0N k
s¯j¯
∂wi
+ J i
j¯
N k
s¯j¯
( n∑
c=1
τcc¯i
))
uks¯ ,
∂0,1
∂w¯i
[
him¯hjp¯hkq¯J
k
sN
q
m¯p¯ det(h)
]
us
j¯
=
(
− τim¯iJ
k
sN
k
m¯j¯
− τjp¯iJ
k
sN
k
i¯p¯
+ τ′kq¯iJ
k
sN
q
i¯j¯
+
∂0,1Jks
∂w¯i
N k
i¯j¯
+ Jks
∂0,1N k
i¯j¯
∂w¯i
+ JksN
k
i¯j¯
( n∑
c=1
τ′cc¯i
))
us
j¯
,
∂0,1
∂w¯i
[
him¯hjp¯hkq¯J
k
s¯N
q
m¯p¯ det(h)
]
u s¯
j¯
=
(
− τim¯iJ
k
s¯N
k
m¯j¯
− τjp¯iJ
k
s¯N
k
i¯p¯
+ τ′kq¯iJ
k
s¯N
q
i¯j¯
+
∂0,1Jks¯
∂w¯i
N k
i¯j¯
+ Jks¯
∂0,1N k
i¯j¯
∂w¯i
+ Jks¯N
k
i¯j¯
( n∑
c=1
τ′cc¯i
))
u s¯
j¯
,
and
∂0,1
∂w¯i
[
hsm¯hjp¯hkq¯J
i¯
j¯
N
q
m¯p¯ det(h)
]
uks¯ =
(
− τsm¯iJ
i¯
j¯
N k
m¯j¯
− τjp¯iJ
i¯
j¯
N ks¯p¯ + τ
′
kq¯iJ
i¯
j¯
N
q
s¯j¯
+
∂0,1J i¯
j¯
∂w¯i
N k
s¯j¯
+ J i¯
j¯
∂0,1N k
s¯j¯
∂w¯i
+ J i¯
j¯
N k
s¯j¯
( n∑
c=1
τ′cc¯i
))
uks¯ .
Proof. Note that hij¯(p) = δij + γij¯(p) = δij +O(u), and h
ij¯ (p) = δij − γij¯ =
δij +O(u). Then using Lemma 2,
∂1,0hsm¯
∂wi
hjp¯hkq¯ = −τ
′
sm¯iδjpδkq +O(u), h
sm¯∂
1,0hjp¯
∂wi
hkq¯ = −τ
′
jp¯iδsmδkq +O(u),
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and
hsm¯hjp¯
∂1,0hkq¯
∂wi
= τkq¯iδsmδjp +O(u).
Now since deth(p) = 1+
∑n
c=1γcc¯ = 1+O(u),
∂1,0hsm¯hjp¯hkq¯
∂wi
J i
j¯
N
q
m¯p¯ det(h)u
k
s¯ =
(
∂1,0hsm¯
∂wi
hjp¯hkq¯ + h
sm¯∂
1,0hjp¯
∂wi
hkq¯+
hsm¯hjp¯
∂1,0hkq¯
∂wi
)
J i
j¯
N
q
m¯p¯ det (h)u
k
s¯
=
(
− τ′sm¯iδjpδkq − τ
′
jp¯iδsmδkq + τkq¯iδsmδjp
)
J i
j¯
N
q
m¯p¯u
k
s¯ .
(1)
Moreover, hsm¯hjp¯hkq¯(p) = δsmδjpδkq +O(u), and since
det(h) = 1+
n∑
c,m=1
(τcc¯mwm + τ
′
cc¯mw¯m) +
n∑
c=1
γcc¯ +O(|w|
2),
∂1,0det(h)
∂wi
(p) =
n∑
c=1
τcc¯i +
n∑
c=1
∂1,0γcc¯
wi
(p) =
n∑
c=1
τcc¯i +O(u),
implying that
hsm¯hjp¯hkq¯
∂1,0
∂wi
(
J i
j¯
N
q
m¯p¯ det (h)
)
uks¯ = h
sm¯hjp¯hkq¯
(∂1,0J i
j¯
∂wi
N
q
m¯p¯ det(h)+
J i
j¯
∂1,0N
q
m¯p¯
∂wi
det (h) + J i
j¯
N
q
m¯p¯
∂1,0det(h)
∂wi
)
uks¯
= δsmδjpδkq
(∂1,0J i
j¯
∂wi
N
q
m¯p¯ + J
i
j¯
∂1,0N
q
m¯p¯
∂wi
+ J i
j¯
N
q
m¯p¯
( n∑
c=1
τcc¯i
))
uks¯ .
(2)
Now, using equations 1 and 2, we see that
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∂1,0
∂wi
[
hsm¯hjp¯hkq¯J
i
j¯
N
q
m¯p¯ det(h)
]
uks¯ =
[(
− τ′sm¯iδjpδkq − τ
′
jp¯iδsmδkq + τkq¯iδsmδjp
)
J i
j¯
N
q
m¯p¯+
δsmδjpδkq
(∂1,0J i
j¯
∂wi
N
q
m¯p¯ + J
i
j¯
∂1,0N
q
m¯p¯
∂wi
+ J i
j¯
N
q
m¯p¯
( n∑
c=1
τcc¯i
))]
uks¯
=
(
− τ′sm¯iJ
i
j¯
N k
m¯j¯
− τ′jp¯iJ
i
j¯
N ks¯p¯ + τkq¯iJ
i
j¯
N
q
s¯j¯
+
∂1,0J i
j¯
∂wi
N k
s¯j¯
+ J i
j¯
∂1,0N k
s¯j¯
∂wi
+ J i
j¯
N k
s¯j¯
( n∑
c=1
τcc¯i
))
uks¯ .
Again, using Lemma 2, we find that
∂0,1him¯hjp¯hkq¯
∂w¯i
JksN
q
m¯p¯ det (h)u
s
j¯
=
(
∂0,1him¯
∂w¯i
hjp¯hkq¯ + h
im¯∂
0,1hjp¯
∂w¯i
hkq¯+
him¯hjp¯
∂0,1hkq¯
∂w¯i
)
JksN
q
m¯p¯ det (h)u
s
j¯
=
(
− τim¯iδjpδkq − τjp¯iδimδkq + τ
′
kq¯iδimδjp
)
JksN
q
m¯p¯u
s
j¯
.
Since
∂0,1det (h)
∂w¯i
(p) =
n∑
c=1
τ′cc¯i +O(u),
him¯hjp¯hkq¯
∂0,1
∂w¯i
(
JksN
q
m¯p¯ det (h)
)
us
j¯
= him¯hjp¯hkq¯
(
∂0,1Jks
∂w¯i
N
q
m¯p¯ det(h)+
Jks
∂0,1N
q
m¯p¯
∂w¯i
det (h) + JksN
q
m¯p¯
∂0,1det(h)
∂w¯i
)
us
j¯
= δimδjpδkq
(
∂0,1Jks
∂w¯i
N
q
m¯p¯ + J
k
s
∂0,1N
q
m¯p¯
∂w¯i
+ JksN
q
m¯p¯
( n∑
c=1
τ′cc¯i
))
us
j¯
,
(3)
confirming that
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∂0,1
∂w¯i
[
him¯hjp¯hkq¯J
k
sN
q
m¯p¯ det (h)
]
us
j¯
=
[(
− τim¯iδjpδkq − τjp¯iδimδkq + τ
′
kq¯iδimδjp
)
JksN
q
m¯p¯+
δimδjpδkq
(
∂0,1Jks
∂w¯i
N
q
m¯p¯ + J
k
s
∂0,1N
q
m¯p¯
∂w¯i
+ JksN
q
m¯p¯
( n∑
c=1
τ′cc¯i
))]
us
j¯
=
(
− τim¯iJ
k
sN
k
m¯j¯
− τjp¯iJ
k
sN
k
i¯p¯
+ τ′kq¯iJ
k
sN
q
i¯j¯
+
∂0,1Jks
∂w¯i
N k
i¯ j¯
+ Jks
∂0,1N k
i¯j¯
∂w¯i
+ JksN
k
i¯j¯
( n∑
c=1
τ′cc¯i
))
us
j¯
.
Lemma 5. Let g ′ij =
1
2g
(
∂1,0
∂wi
, J ∂
1,0
∂wj
)
, g ′
i¯j
= 12g
(
∂0,1
∂w¯i
, J ∂
1,0
∂wj
)
, and so forth. Then,
dgJ
(
‖N‖2gJ+uvolgJ+u
)
·γ
(
p) = −
(
uks
(
2g ′
kj¯
N v
i¯j¯
N v
i¯s¯
− g ′km¯N
s
i¯ j¯
Nm
i¯j¯
)
+u k¯s
(
2g ′
k¯j¯
N v
i¯ j¯
N v
i¯s¯
− g ′
k¯m¯
N s
i¯ j¯
Nm
i¯j¯
)
+
uks¯
(
2g ′kmN
v
i¯s¯
N v
i¯m¯
− g ′kvN
v
i¯j¯
N s
i¯ j¯
)
+u k¯s¯
(
2g ′
k¯m
N v
i¯s¯
N v
i¯m¯
− g ′
k¯v
N v
i¯j¯
N s
i¯ j¯
))
dV ,
(4)
and
dvol
(
‖NJ‖
2volgJ
)
· dJ(volgJ )(u)(p) =
((
uks g
′
ks¯ +u
k¯
s g
′
k¯s¯
+uks¯ g
′
ks +u
k¯
s¯ g
′
k¯s
)
|N v
i¯j¯
|2
)
dV
(5)
Proof. First note that
dgJ
(
‖N‖2gJ+uvolgJ+u
)
·γ
(
p) =
(
‖NJ‖
2
I+γ − ‖NJ‖
2
I
)(
1+ tr(γ)
)
dV
= −
(
γjm¯N
k
i¯j¯
N k
i¯m¯
+γim¯N
k
i¯j¯
N k
m¯j¯
−γkm¯N
k
i¯j¯
Nm
i¯j¯
)
dV
= −
(
2γjm¯N
k
i¯j¯
N k
i¯m¯
−γkm¯N
k
i¯j¯
Nm
i¯j¯
)
dV ,
and that
dvol
(
‖NJ‖
2volgJ
)
· dJ(volgJ )(u)
(
p) = ‖NJ‖
2
I
(
volI+γ − volI
)
= |N k
i¯j¯
|2tr(γ)dV .
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Also, γkm¯ = u
v
k g
′
vm¯ + u
v¯
k g
′
v¯m¯ + u
v
m¯g
′
vk + u
v¯
m¯g
′
v¯k . Equation 4 is obtained by a
relabeling of indices in γmj¯ , γmi¯ , and γkm¯ so that the upper index of u
is k (or k¯) and the lower index is s (or s¯), and collecting terms with the
same u-coefficients. Equation 5 follows after writing tr(γ) =
∑n
s=1γss¯ =
uvs g
′
vs¯ +u
v¯
s g
′
v¯s¯ +u
v
s¯ g
′
vs +u
v¯
s¯ g
′
v¯s, and a similar relabelling of indices.
Proposition 2. Suppose that u is compactly supported in Up. Let 1 ≤ p,q ≤ n.
The Euler-Lagrange system of equations of N˜ at p is
T˜
q
p := 4
∂0,1J
p
j¯
∂w¯i
N
q
i¯j¯
−
(
2g ′
qj¯
N v
i¯j¯
N v
i¯p¯
− g ′qm¯N
p
i¯j¯
Nm
i¯j¯
)
+ g ′qp¯ |N
v
i¯j¯
|2 = 0,
T˜
q¯
p := −
(
2g ′
q¯j¯
N v
i¯j¯
N v
i¯p¯
− g ′q¯m¯N
p
i¯j¯
Nm
i¯j¯
)
+ g ′q¯p¯ |N
v
i¯j¯
|2 = 0,
T˜
q
p¯ := 4
[(
J
(
∂0,1
∂w¯j
)
ωmp¯
)
N
q
m¯j¯
+
(
J
(
∂0,1
∂w¯j
)
ωmj¯
)
N
q
p¯m¯ −
(
J
(
∂0,1
∂w¯j
)
ωqm¯
)
Nm
p¯j¯
−
∂1,0
∂wi
(
J i
j¯
N
q
p¯j¯
)
−
∂0,1
∂w¯i
(
J i¯
j¯
N
q
p¯j¯
)
−
(
J
(
∂0,1
∂w¯j
)( n∑
c=1
ωcc¯
))
N
q
p¯j¯
+ J
j
q
(
∂0,1ωmi¯
∂w¯i
N
j
m¯p¯ +
∂0,1ωmp¯
∂w¯i
N
j
i¯m¯
−
∂0,1ωjm¯
∂w¯i
Nm
i¯p¯
−
n∑
c=1
∂0,1ωcc¯
∂w¯i
N
j
i¯p¯
)
−
∂0,1
∂w¯i
(
J
j
qN
j
i¯p¯
)
−
∂1,0J i
j¯
∂wq
N i
p¯j¯
+
∂0,1J
p¯
j¯
∂w¯i
N
q
i¯j¯
]
−
(
2g ′qmN
v
i¯p¯
N v
i¯m¯
− g ′qvN
v
i¯j¯
N
p
i¯j¯
)
+ g ′qp |N
v
i¯j¯
|2 = 0,
T˜
q¯
p¯ := 4
[
J
j
q¯
(
∂0,1ωmi¯
∂w¯i
N
j
m¯p¯ +
∂0,1ωmp¯
∂w¯i
N
j
i¯m¯
−
∂0,1ωjm¯
∂w¯i
Nm
i¯p¯
−
n∑
c=1
∂0,1ωcc¯
∂w¯i
Nm
p¯j¯
)
−
∂0,1
∂w¯i
(
J
j
q¯N
j
i¯p¯
)
−
∂0,1J i¯
j¯
∂w¯q
N i
p¯j¯
]
−
(
2g ′q¯mN
v
i¯p¯
N v
i¯m¯
− g ′q¯vN
v
i¯j¯
N
p
i¯ j¯
)
+ g ′q¯p |N
v
i¯j¯
|2 = 0,
and that ofN is
T˜
q
p − g
′
qp¯|N
v
i¯j¯
|2 = 0,
T˜
q¯
p − g
′
q¯p¯ |N
v
i¯j¯
|2 = 0,
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T˜
q
p¯ +4
[(
J
(
∂0,1
∂w¯j
)( n∑
c=1
ωcc¯
))
N
q
p¯j¯
+ J
j
q
n∑
c=1
∂0,1ωcc¯
∂w¯i
N
j
i¯p¯
]
− g ′qp|N
v
i¯j¯
|2 = 0,
T˜
q¯
p¯ +4J
j
q¯
n∑
c=1
∂0,1ωcc¯
∂w¯i
Nm
p¯j¯
− g ′q¯p |N
v
i¯j¯
|2 = 0.
Proof. The procedure is to use Lemma 4 to integrate by parts the terms
involving derivatives of u in the first variation of N˜ (Proposition 1), and
then isolate u in the resulting formula by writing it as the gJ-inner product
of a tensor, the Euler-Lagrange equation at p, and u. Lemmas 3, 5 lead to
dJN˜ (J)(u) = 4ℜ
[∫
X
(
hsm¯hjp¯hkq¯J
i
j¯
∂1,0uks¯
∂wi
+ him¯hjp¯hkq¯
(∂0,1us
j¯
∂w¯i
Jks +
∂0,1u s¯
j¯
∂w¯i
Jks¯
)
+
hsm¯hjp¯hkq¯
∂0,1uks¯
∂w¯i
J i¯
j¯
)
N
q
m¯p¯volh
]
(p)
− 4ℜ
[∫
X
hsm¯hjp¯hkq¯
(
uis¯
∂1,0Jk
j¯
∂wi
+u i¯s¯
∂0,1Jk
j¯
∂w¯i
)
N
q
m¯p¯volgJ+u
]
(p)+
4ℜ
[∫
X
him¯hjp¯hkq¯
〈
u
[
∂0,1
∂w¯i
, J
∂0,1
∂w¯j
]
,dw1,0k
〉
N
q
m¯p¯volgJ+u
]
(p)
−
∫
X
(
uks
(
2g ′
kj¯
N v
i¯j¯
N v
i¯s¯
− g ′km¯N
s
i¯ j¯
Nm
i¯j¯
)
+u k¯s
(
2g ′
k¯j¯
N v
i¯j¯
N v
i¯s¯
− g ′
k¯m¯
N s
i¯ j¯
Nm
i¯j¯
)
+
uks¯
(
2g ′kmN
v
i¯s¯
N v
i¯m¯
− g ′kvN
v
i¯j¯
N s
i¯ j¯
)
+u k¯s¯
(
2g ′
k¯m
N v
i¯s¯
N v
i¯m¯
− g ′
k¯v
N v
i¯j¯
N s
i¯ j¯
))
dV+∫
X
(
uks g
′
ks¯ +u
k¯
s g
′
k¯s¯
+uks¯ g
′
ks +u
k¯
s¯ g
′
k¯s
)
|N v
i¯j¯
|2dV
= 4ℜ
[∫
X
(
τ′sm¯iJ
i
j¯
N k
m¯j¯
+ τ′jp¯iJ
i
j¯
N ks¯p¯ − τkq¯iJ
i
j¯
N
q
s¯j¯
−
∂1,0J i
j¯
∂wi
N k
s¯j¯
− J i
j¯
∂1,0N k
s¯j¯
∂wi
− J i
j¯
N k
s¯j¯
( n∑
c=1
τcc¯i
))
uks¯ dV +
∫
X
(
τim¯iJ
k
s N
k
m¯j¯
+ τjp¯iJ
k
sN
k
i¯p¯
− τ′kq¯iJ
k
sN
q
i¯j¯
−
∂0,1Jks
∂w¯i
N k
i¯ j¯
− Jks
∂0,1N k
i¯ j¯
∂w¯i
− JksN
k
i¯j¯
( n∑
c=1
τ′cc¯i
))
us
j¯
dV +
∫
X
(
τim¯iJ
k
s¯N
k
m¯j¯
+
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τjp¯iJ
k
s¯N
k
i¯p¯
− τ′kq¯iJ
k
s¯N
q
i¯j¯
−
∂0,1Jks¯
∂w¯i
N k
i¯j¯
− Jks¯
∂0,1N k
i¯j¯
∂w¯i
− Jks¯N
k
i¯j¯
( n∑
c=1
τ′cc¯i
))
u s¯
j¯
dV+
∫
X
(
τsm¯iJ
i¯
j¯
N k
m¯j¯
+ τjp¯iJ
i¯
j¯
N ks¯p¯ − τ
′
kq¯iJ
i¯
j¯
N
q
s¯j¯
−
∂0,1J i¯
j¯
∂w¯i
N k
s¯j¯
− J i¯
j¯
∂0,1N k
s¯j¯
∂w¯i
− J i¯
j¯
N k
s¯j¯
( n∑
c=1
τ′cc¯i
))
uks¯ dV
]
− 4ℜ
[∫
X
(
uks¯
∂1,0J i
j¯
∂wk
+u k¯s¯
∂0,1J i
j¯
∂w¯k
)
N i
s¯j¯
dV
]
+4ℜ
[∫
X
(∂0,1J s
j¯
∂w¯i
uks +
∂0,1J s¯
j¯
∂w¯i
uks¯
)
N k
i¯j¯
dV
]
−
∫
X
(
uks
(
2g ′
kj¯
N v
i¯j¯
N v
i¯s¯
− g ′km¯N
s
i¯ j¯
Nm
i¯j¯
)
+u k¯s
(
2g ′
k¯j¯
N v
i¯j¯
N v
i¯s¯
− g ′
k¯m¯
N s
i¯ j¯
Nm
i¯j¯
)
+
uks¯
(
2g ′kmN
v
i¯s¯
N v
i¯m¯
− g ′kvN
v
i¯j¯
N s
i¯ j¯
)
+u k¯s¯
(
2g ′
k¯m
N v
i¯s¯
N v
i¯m¯
− g ′
k¯v
N v
i¯j¯
N s
i¯ j¯
))
dV+∫
X
(
uks g
′
ks¯ +u
k¯
s g
′
k¯s¯
+uks¯ g
′
ks +u
k¯
s¯ g
′
k¯s
)
|N v
i¯j¯
|2dV
=ℜ
{∫
X
[(
4
((
τ′sm¯iJ
i
j¯
+ τsm¯iJ
i¯
j¯
)
N k
m¯j¯
+
(
τ′jm¯iJ
i
j¯
+ τjm¯iJ
i¯
j¯
)
N ks¯m¯
−
(
τkm¯iJ
i
j¯
+ τ′km¯iJ
i¯
j¯
)
Nm
s¯j¯
−
(∂1,0J i
j¯
∂wi
+
∂0,1J i¯
j¯
∂w¯i
)
N k
s¯j¯
− J i
j¯
∂1,0N k
s¯j¯
∂wi
− J i¯
j¯
∂0,1N k
s¯j¯
∂w¯i
−N k
s¯j¯
(
J i
j¯
( n∑
c=1
τcc¯i
)
+ J i¯
j¯
( n∑
c=1
τ′cc¯i
))
+ τim¯iJ
j
kN
j
m¯s¯+
τsm¯iJ
j
kN
j
i¯m¯
− τjm¯iJ
j
kN
m
i¯s¯
−
∂0,1J
j
k
∂w¯i
N
j
i¯ s¯
− J
j
k
∂0,1N
j
i¯ s¯
∂w¯i
− J
j
kN
j
i¯ s¯
( n∑
c=1
τ′cc¯i
)
−
∂1,0J i
j¯
∂wk
N i
s¯j¯
+
∂0,1J s¯
j¯
∂w¯i
N k
i¯ j¯
)
−
(
2g ′kmN
v
i¯s¯
N v
i¯m¯
− g ′kvN
v
i¯j¯
N s
i¯ j¯
)
+ g ′ks|N
v
i¯j¯
|2
)
uks¯ +
(
4
(
τim¯iJ
j
k¯
N
j
m¯s¯ + τsm¯iJ
j
k¯
N
j
i¯m¯
− τ′jm¯iJ
j
k¯
Nm
i¯s¯
−
∂0,1J
j
k¯
∂w¯i
N
j
i¯ s¯
− J
j
k¯
∂0,1N
j
i¯ s¯
∂w¯i
− J
j
k¯
N
j
i¯ s¯
( n∑
c=1
τ′cc¯i
)
−
∂0,1J i
j¯
∂w¯k
N i
s¯j¯
)
−
(
2g ′
k¯m
N v
i¯s¯
N v
i¯m¯
− g ′
k¯v
N v
i¯j¯
N s
i¯ j¯
)
+
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g ′
k¯s
|N v
i¯ j¯
|2
)
u k¯s¯ +
(
−
(
2g ′
k¯j¯
N v
i¯j¯
N v
i¯s¯
− g ′
k¯m¯
N s
i¯ j¯
Nm
i¯j¯
)
+ g ′
k¯s¯
|N v
i¯j¯
|2
)
u k¯s +
(
4
∂0,1J s
j¯
∂w¯i
N k
i¯ j¯
−
(
2g ′
kj¯
N v
i¯j¯
N v
i¯s¯
− g ′km¯N
s
i¯ j¯
Nm
i¯j¯
)
+ g ′ks¯|N
v
i¯j¯
|2
)
uks
]
dV
}
Wemay use gJ (p) = I to induce the inner product 〈T ,V 〉 =
∑n
s,k=1(T
k
s V
k
s +
T k¯s V
k¯
s + T
k
s¯ V
k
s¯ + T
k¯
s¯ V
k¯
s¯ ) of any T ,V ∈ C
∞
(
X,End(TCX,p)
)
. Consider now the
tensor T˜J = T˜
q
p dw
1,0
p ⊗
∂1,0
∂wq
+ T˜
q¯
p dw
1,0
p ⊗
∂0,1
∂w¯q
+ T˜
q
p¯ dw¯
0,1
p ⊗
∂1,0
∂wq
+ T˜
q¯
p¯ dw¯
0,1
p ⊗
∂0,1
∂w¯q
,
where
T˜
q
p = 4
∂0,1J
p
j¯
∂w¯i
N
q
i¯j¯
−
(
2g ′
qj¯
N v
i¯j¯
N v
i¯p¯
− g ′qm¯N
p
i¯j¯
Nm
i¯j¯
)
+ g ′qp¯ |N
v
i¯j¯
|2,
T˜
q¯
p = −
(
2g ′
q¯j¯
N v
i¯j¯
N v
i¯p¯
− g ′q¯m¯N
p
i¯j¯
Nm
i¯j¯
)
+ g ′q¯p¯ |N
v
i¯j¯
|2,
T˜
q
p¯ = 4
((
τ′pm¯iJ
i
j¯
+ τpm¯iJ
i¯
j¯
)
N
q
m¯j¯
+
(
τ′jm¯iJ
i
j¯
+ τjm¯iJ
i¯
j¯
)
N
q
p¯m¯
−
(
τqm¯iJ
i
j¯
+ τ′qm¯iJ
i¯
j¯
)
Nm
p¯j¯
−
(∂1,0J i
j¯
∂wi
+
∂0,1J i¯
j¯
∂w¯i
)
N
q
p¯j¯
− J i
j¯
∂1,0N
q
p¯j¯
∂wi
− J i¯
j¯
∂0,1N
q
p¯j¯
∂w¯i
−N
q
p¯j¯
(
J i
j¯
( n∑
c=1
τcc¯i
)
+ J i¯
j¯
( n∑
c=1
τ′cc¯i
))
+ τim¯iJ
j
qN
j
m¯p¯+
τpm¯iJ
j
qN
j
i¯m¯
− τ′jm¯iJ
j
qN
m
i¯p¯
−
∂0,1J
j
q
∂w¯i
N
j
i¯p¯
− J
j
q
∂0,1N
j
i¯p¯
∂w¯i
− J
j
qN
j
i¯p¯
( n∑
c=1
τ′cc¯i
)
−
∂1,0J i
j¯
∂wq
N i
p¯j¯
+
∂0,1J
p¯
j¯
∂w¯i
N
q
i¯j¯
)
−
(
2g ′qmN
v
i¯p¯
N v
i¯m¯
− g ′qvN
v
i¯j¯
N
p
i¯j¯
)
+
g ′qp |N
v
i¯j¯
|2,
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and where
T˜
q¯
p¯ = 4
(
τim¯iJ
j
q¯N
j
m¯p¯ + τpm¯iJ
j
q¯N
j
i¯m¯
− τ′jm¯iJ
j
q¯N
m
i¯p¯
−
∂0,1J
j
q¯
∂w¯i
N
j
i¯p¯
− J
j
q¯
∂0,1N
j
i¯p¯
∂w¯i
− J
j
q¯N
j
i¯ p¯
( n∑
c=1
τ′cc¯i
)
−
∂0,1J i
j¯
∂w¯q
N i
p¯j¯
)
−
(
2g ′q¯mN
v
i¯p¯
N v
i¯m¯
− g ′q¯vN
v
i¯j¯
N
p
i¯j¯
)
+ g ′q¯p |N
v
i¯j¯
|2.
Then,
dJN˜ (J)(u) =ℜ
{∫
X
〈T˜J ,u〉IdV
}
,
and so T˜J = 0 is the Euler-Lagrange equation at p.
We can rewrite T
q¯
p , and T
q
p¯ somewhat more meaningfully, using that
J
(
∂0,1
∂w¯j
)
= J i
j¯
∂1,0
∂wi
+ J i¯
j¯
∂0,1
∂w¯i
, and the hermitian nature of the fundamental form
ω:
T
q¯
p¯ = 4
[
J
j
q¯
(
∂0,1ωmi¯
∂w¯i
N
j
m¯p¯ +
∂0,1ωmp¯
∂w¯i
N
j
i¯m¯
−
∂0,1ωjm¯
∂w¯i
Nm
i¯p¯
−
n∑
c=1
∂0,1ωcc¯
∂w¯i
Nm
p¯j¯
)
−
∂0,1
∂w¯i
(
J
j
q¯N
j
i¯p¯
)
−
∂0,1J i¯
j¯
∂w¯q
N i
p¯j¯
]
−
(
2g ′q¯mN
v
i¯p¯
N v
i¯m¯
− g ′q¯vN
v
i¯j¯
N
p
i¯j¯
)
+ g ′q¯p |N
v
i¯j¯
|2,
T
q
p¯ = 4
[(
J
(
∂0,1
∂w¯j
)
ωmp¯
)
N
q
m¯j¯
+
(
J
(
∂0,1
∂w¯j
)
ωmj¯
)
N
q
p¯m¯ −
(
J
(
∂0,1
∂w¯j
)
ωqm¯
)
Nm
p¯j¯
−
∂1,0
∂wi
(
J i
j¯
N
q
p¯j¯
)
−
∂0,1
∂w¯i
(
J i¯
j¯
N
q
p¯j¯
)
−
(
J
(
∂0,1
∂w¯j
)( n∑
c=1
ωcc¯
))
N
q
p¯j¯
+ J
j
q
(
∂0,1ωmi¯
∂w¯i
N
j
m¯p¯ +
∂0,1ωmp¯
∂w¯i
N
j
i¯m¯
−
∂0,1ωjm¯
∂w¯i
Nm
i¯p¯
−
n∑
c=1
∂0,1ωcc¯
∂w¯i
N
j
i¯p¯
)
−
∂0,1
∂w¯i
(
J
j
qN
j
i¯ p¯
)
−
∂1,0J i
j¯
∂wq
N i
p¯j¯
+
∂0,1J
p¯
j¯
∂w¯i
N
q
i¯j¯
]
−
(
2g ′qmN
v
i¯p¯
N v
i¯m¯
− g ′qvN
v
i¯j¯
N
p
i¯j¯
)
+ g ′qp |N
v
i¯j¯
|2.
In the case ofN , there is no dvol(‖NJ‖
2
gJ
volgJ ) ·dJ (volgJ )(u) term in the first
variation, neither are there derivatives of the Riemannian volume form.
We can recover the Euler-Lagrange equation of N at p from that of N˜ to
find that it is a tensor equation TN = 0, where the components of TN are
of the claimed form.
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All integrable almost complex structures on X are critical points of
both N , and N˜ , but they are likely not the only ones. It is also unclear if
N˜ has any advantages over N . It might make sense to try eliminating the
derivatives of NJ that appear in the Euler-Lagrange equation of N since
they do not directly contain information about integrability.
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